(v, k, 1) (v, k, 1) Designs Admitting a Ree Simple Group
INTRODUCTION
A 2-(v, k, 1) design D = ( ,B) is a system consisting of a finite set of v points and a collection B of k-subsets of called blocks such that any 2-subset of is contained in exactly one block. We always assume that 2 < k < v. Given a 2-(v, k, 1) design D, b denotes the number of blocks and r denotes the number of blocks through a given point.
Let G ≤ Aut(D) be a group of automorphisms of a 2-(v, k, 1) design D. G is said to be block transitive (block primitive) on D if G is transitive (primitive, respectively) on B. G is said to be point transitive (point primitive) on D if G is transitive (primitive, respectively) on . It is known that if G is block transitive, then G is point transitive; see Block [1] .
Much work has been done on 2-(v, k, 1) designs with an automorphism group primitive on blocks [3, 4, 12] . Kantor [6, Theorem B] considered the special case of projective planes and proved that if a projective plane D of order n has a point primitive automorphism group G, then either
(1) D is Desarguesian and G ≥ P SL (3, n) , or (2) G is a regular or Frobenius group of order dividing (n 2 + n + 1)(n + 1) or (n 2 + n + 1)n, and n 2 + n + 1 is prime.
It follows immediately from Kantor's results that block primitivity is equivalent to point primitivity in any projective plane. Delandtsheer [4] considered those designs which are not a projective plane and showed an important result: let D be a 2-(v, k, 1) design other than a projective plane and let G ≤ Aut(D) be block primitive then G is almost simple, i.e., there is a non-abelian simple group T such that T G ≤ Aut(T ). Recently, Praeger [10] proposed the following interesting problem.
PROBLEM. Classify all block primitive 2-(v, k, 1) designs which are not projective planes.
We may consider this problem by using Delandtsheer's result above and the classification of the finite simple groups. In [9] it was shown that any block-primitive 2-(v, k, 1) design has no Suzuki simple group as its socle. Here we discuss the case where T = soc(G) is the Ree group 2 G 2 (q) for some q. Our main result is the following.
Then D is a Ree unital with parameters 2-(q 3 + 1, q + 1, 1).
The notation and terminology used in this paper are standard. For two groups K and H , K : H stands for a split extension of K by H , and K < ·H denotes that K is a maximal subgroup of H . For a positive integer n, [n] denotes an arbitrary group of order n while Z n stands for a cyclic group of that order. Also p k n means p k | n but p k+1 |n.
This paper is a continuation of the previous paper [13] .
LEMMAS
To prove the main theorem we need the following lemmas.
LEMMA 1 (ZHOU ET AL. [13] ).
LEMMA 2 (LEVCHUK AND NUZHIN [8, THEOREM 1] ).
conjugacy, by the following: 
LEMMA 3. Assume that G is a transitive permutation group of even order on a set , and that G has unique conjugacy class of involutions. Let z
where i (G α ) denotes the number of involutions in G α .
PROOF. Consider the pairs (z, α)
where α ∈ is a fixed point of the involution z. Since G has unique conjugacy class of involutions, and double-counting these pairs gives
where i (G α ) denotes the number of the involutions in G α . The proof of Lemma 3 is complete.
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where |n| p denotes the p-part of the natural number n, i.e., |n| p = p t , if p t n. 
acts as a block transitive group on this design.
PROOF OF THEOREM
Since G is block primitive on D, we know that G is point primitive by Lemma 1. Furthermore, since 2 G 2 (q) G, 2 G 2 (q) is block transitive on D. For any B ∈ B, G B < · G by the  block primitivity of G, and G Assume that b > v and |G α | > |G B |. By block primitivity and point primitivity of G we know that G α < · G and G B < · G. We consider the pair (G α , G B ) where G α and G B are maximal subgroups of G as in Lemma 2, and finish the proof of our theorem in several steps.
Step
Since G is a faithful 2-transitive permutation group on the set of right cosets of N G (S 3 ), then by the table of 2-transitive designs in [5] , we know that D is a 2-(q 3 +1, q +1, 1) design. Therefore b = q 3 (q 3 + 1)/q(q + 1) = q 2 (q 2 − q + 1), |G B | = q(q + 1)(q − 1) and
To prove the theorem, we must rule out the remaining 25 possibilities for the pair (G α , G B ) , where G α and G B are maximal subgroups of G as in Lemma 2, and G 
We list the remaining 25 possibilities for the pair (G α , G B ) in the following:
Step 2. By |G α | > |G B | we may eliminate 12 cases: A 2 ), N G (A 3 ) ), where i = 1, 2, 3.
Step 3. By Lemma 4 we may eliminate the following six cases:
We have a contradiction by Lemma 4 for putting p = 3.
Step 4. Eliminating the remaining seven cases: A 3 ), N G (A 2 )), (N G (A 3 ), N G (A 1 )), (N G (A i ), 2 G 2 (q 0 ) ), where i = 1, 2, 3.
By q | q 3 0 we have q = q 3 0 , i.e., δ = 3. We get
The discriminant of the equation is = 1 +4(q 0 −1)(q 3 +q +1) ≡ 6 (mod 9). Since 3 , is not a perfect square number and equation (2) has no integral solution, a contradiction.
.
but 2 is not a divisor of the right-hand side of the equation. This is a contradiction.
It is trivial to check that 6(q + 1 + 3 n+1 ) | q 3 (q 2 − 1)(q + 1 − 3 n+1 ) − 6, and then (3) is an equation with integral coefficients with discriminant
Since (3, q + 1 + 3 n+1 ) = 1, 3 3(q + 1 + 3 n+1 ), and for the numerator M of we have that M ≡ −9 (mod 27). Since 9 M and 3 , is not a perfect square number and equation (3) has no integral solution. Case 4 is eliminated.
It is easy to see that v = |G|/|G α | = 
